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SINGULAR SEIFERT SURFACES AND SMALE INVARIANTS FOR A FAMILY
OF 3-SPHERE IMMERSIONS
TOBIAS EKHOLM AND MASAMICHI TAKASE
Abstract. A self-transverse immersion of the 2-sphere into 4-space with algebraic number
of self intersection points equal to −n induces an immersion of the circle bundle over the
2-sphere of Euler class 2n into 4-space. Precomposing these circle bundle immersions
with their universal covering maps, we get for n > 0 immersions gn of the 3-sphere into
4-space. In this note, we compute the Smale invariants of gn . The computation is carried
out by (partially) resolving the singularities of the natural singular map of the punctured
complex projective plane which extends gn.
As an application, we determine the classes represented by gn in the cobordism group
of immersions which is naturally identified with the stable 3-stem. It follows in particular
that gn represents a generator of the stable 3-stem if and only if n is divisible by 3.
1. Introduction
Consider a self-transverse immersion f : S 2 → R4 of the 2-sphere S 2 into 4-space R4.
Let p ∈ R4 be a self intersection point of f and assume that S 2 and R4 are oriented.
Ordering the two local sheets of f (S 2) intersecting at p we get an intersection number at p.
Since the codimension is even this intersection number is independent of the ordering. We
say that the sum of the intersection numbers over all the double points of f is its algebraic
number of double points.
Let f : S 2 → R4 be an immersion with algebraic number of double points equal to
−n. Then the normal bundle of f is the oriented 2-plane bundle ξ2n of Euler number 2n,
see [35], and the orientations of S 2 and R4 induce an orientation on ξ2n. The unit sphere
bundle of ξ2n is the lens space L(2n, 1) which we orient as the boundary of the unit disk
bundle and it follows by micro-extension that f induces an immersion f2n : L(2n, 1) → R4.
Consider the universal (2n-fold) covering π2n : S 3 → L(2n, 1), where we orient S 3 so that
π2n is orientation preserving. Precomposing we get an immersion
(1.1) gn = f2n ◦ π2n : S 3 → R4.
Let Imm[S m,RN] denote the group of regular homotopy classes of immersions S m →
R
N
, where the group operation is induced by connected sum of immersions, see [13]. The
Smale-Hirsch h-principle implies that the group Imm[S m,RN] is isomorphic to the mth ho-
motopy group πm(VN,m) of the Stiefel manifold VN,m of m frames in RN . The isomorphism
is given by the Smale invariant
Ω : Imm[S m,RN] → πm(VN,m),
see [29]. In particular, in the case studied in this paper:
Imm[S 3,R4] = π3(V4,3) ≈ π3(SO4) ≈ Z ⊕ Z,
see (2.1) for a description of the last isomorphism.
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Let Cob(m, N) denote the cobordism group of immersions of closed oriented m-
manifolds into RN , where the group operation is induced by disjoint union. The cobordism
group Cob(3, 4) is isomorphic to the stable 3-stem
Cob(3, 4) ≈ πS3 ≈ Z24,
see [25, 34].
Theorem 1.1. The Smale invariant of the immersion gn : S 3 → R4, n > 0, satisfies
Ω(gn) = (4n − 1, (n − 1)2) ∈ Z ⊕ Z.
It follows in particular that gn represents the element
(2n2 + 1) mod 24 ∈ Z24 ≈ πS3 ,
and hence generates the stable 3-stem if and only if n is a multiple of 3.
Theorem 1.1 is proved in Section 3, for other constructions of generators of the stable
3-stem, see [4, 10]. The proof uses singular Seifert surfaces, which were introduced in [6]
and have since proved to be quite useful in the study of embeddings, immersions, and other
maps. See for example [1, 6, 7, 12, 28, 33]. In fact, one of the main technical points of
this paper is a concrete construction of singular Seifert surfaces for the immersions gn. The
construction is based on perturbations derived from an unfolding of a certain complex map
germ, regarded as a real map germ, and might be of interest from a more general viewpoint
since similar constructions of stable or other singular maps with desired properties can be
used in many other settings.
In Section 4 we give a brief discussion of relations to other results. We first discuss
the immersion g1 : S 3 → R4, studied by Milnor [21, (11), §IV] and since then in several
papers (e.g. [15, 5]). In this case, Theorem 1.1 recovers the result [5, Proposition 8.4.1]
which shows that g1 represents a generator in Z8 ⊂ Z24 as well as the fact that the triple
point invariant λ(g1) ∈ Z3 (defined in [5, §6.2]) of g1 vanishes. See Remark 4.1 for an
alternative proof of the latter. Second, we show that the immersion g2 coincides, up to reg-
ular homotopy and choice of orientation on S 3, with Melikhov’s example of an immersion
with non-trivial stable Hopf invariant [20, Example 4].
Notational conventions. We work in the smooth category throughout; all manifolds and
immersions are assumed to be differentiable of class C∞. Furthermore, all spheres and
Euclidean spaces are assumed to be oriented and we orient the boundary of an oriented
manifold by the “outward normal first” convention, as in e.g. [10, 14].
2. Smale invariants in terms of singular Seifert surfaces
In this section we first establish notation for the Smale invariant of immersions S 3 → R4
and review some of its properties. Then we present a formula for one of the components
of the Smale invariant in terms of singularities of a Seifert surface.
2.1. The regular homotopy class. An immersion f : S 3 → R4 comes equipped with a
natural stable framing via the bundle isomorphism ǫ1⊕TS 3  f ∗TR4, where ǫ1 denotes the
trivial line bundle. The homotopy class of the stable framing is completely characterized
by two integers: the degree D( f ) and the Hirzebruch defect H( f ). We refer to [14] for the
detailed definitions and mention here only that D( f ) equals the normal degree of f , see
[21].
The Smale-Hirsch h-principle implies that the map which associates to an immersion
S 3 → R4 its natural stable framing induces a (weak) homotopy equivalence between the
space of immersions and the space of stable framings. In particular, on π0 (i.e. on the level
of path components) the Smale invariant, see Section 1,
Ω( f ) ∈ π3(SO4) ≈ Z ⊕ Z,
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which determines the regular homotopy class of an immersion f : S 3 → R4, is determined
by D( f ) and H( f ). In order to describe this in more detail we describe our conventions for
Ω and π3(SO4).
We first describe an explicit isomorphism π3(SO4) → Z ⊕ Z following [30]: let
e1, e2, e3, e4 denote the standard basis vectors in R4 and think of SO4 as the set of orthonor-
mal transformations R : R4 → R4. Consider the fibration p : SO4 → S 3, p(R) = R(e1) with
fiber SO3. Think of S 3 as the set of unit quaternions in H ≈ R4 via the identification of
the vectors e1, e2, e3, e4 ∈ R4 with 1, i, j, k ∈ H. For x, y ∈ R4, let x · y ∈ R4 denote their
quaternionic product. The map σ : S 3 → SO4, σ(x)y = x · y is a section of p : SO4 → S 3.
Hence SO4 = S 3 × SO3. Let ρ : S 3 → SO4 be the map given by ρ(x)y = x · y · x−1. Then
p ◦ ρ is the constant map to e1 and ρ is a double cover of the fiber of p over e1. It follows
that the homotopy classes [σ] and [ρ] of σ and ρ, respectively, generate π3(SO4) and we
have
(2.1) π3(S O4) = Z[σ] ⊕ Z[ρ] = Z ⊕ Z.
Below we will always use the isomorphism in (2.1) when we consider Smale invariants:
we write simply Ω( f ) = (a, b) ∈ Z ⊕ Z if Ω( f ) = a[σ] + b[ρ] ∈ π3(SO4). Furthermore, we
will use throughout the definition of the Smale invariant Ω as given in [10, §1].
We now turn to the more precise description of Ω( f ) in terms of D( f ) and H( f ). Ac-
cording to [10, Theorem 3.1] (see also Remark 2.1 below), if f : S 3 → R4 is an immersion
which extends to an immersion F : V → R4 of a compact oriented 4-manifold V with
boundary ∂V = S 3 then
(2.2) Ω( f ) =
(
χ(V) − 1, 3σ(V) − 2χ(V) + 2
4
)
∈ Z ⊕ Z,
where χ(V) denotes the Euler characteristic of V and σ(V) its signature. Applying [14,
Theorems 2.2(b) and 2.5(b)] to the stable framing induced by f , we find D( f ) = χ(V) and
H( f ) = −3σ(V) and we conclude that for f as above
(2.3) Ω( f ) =
(
D( f ) − 1, −H( f ) − 2(D( f ) − 1)
4
)
∈ Z ⊕ Z.
On the other hand [14, Theorems 2.2(a) and 2.5(a)] imply that the formula (2.3) gives a
homomorphism Imm[S 3,R4] → Z ⊕ Z, see Remark 2.1.
We claim that (2.3) holds for any immersion. To see this we will use two subgroups
E and N of Imm[S 3,R4]. Let ι : R4 → R5 denote the natural inclusion. The subgroup E
(respectively N) consists of the regular homotopy classes of immersions f : S 3 → R4 such
that ι ◦ f : S 3 → R5 is regularly homotopic to an embedding (respectively to the standard
embedding ι ◦ s, where s : S 3 → R4 is the standard embedding of the sphere). By [5, Lem-
mas 3.3.3 and 7.1.1, Proposition 4.1.2], see also [11], the subgroup E ⊂ Imm[S 3,R4] has
index 24 and the subgroup N is generated by the regular homotopy class of the orientation
reversed standard sphere sˆ : S 3 → R4.
We next show that (2.3) holds on E. Let f : S 3 → R4 be an immersion such that
ι ◦ f is regularly homotopic to an embedding g˜ : S 3 → R5. Then g˜ admits an embedded
orientable Seifert surface ˜G : W → R5. Since ˜G admits a normal vector field, the Hirsch
lemma, see [9], implies that it can be pushed down to an immersion G : W → R4 by
regular homotopy. (The manifold to which the Hirsch lemma is applied has boundary and
is hence a regular neighborhood of its 3-skeleton. Therefore the Hirsch lemma applies
even though the dimension of the source equals the dimension of the target.) Restricting G
to the boundary ∂W = S 3 we get an immersion g : S 3 → R4 such that, ι ◦ f and ι ◦ g are
regularly homotopic. Thus, the regular homotopy classes of f and g differ by an element of
N. As mentioned above, N is generated by the class of sˆ. Therefore there exists an integer
k such that
(2.4) Ω( f ) = Ω(g) + kΩ(sˆ)
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(See [5, Proposition 7.1.2] for the geometric counterpart of (2.4).) Now, both g and sˆ
extend to immersions of compact oriented 4-manifolds and thus (2.3) holds for g and sˆ. As
mentioned above, (2.3) gives a homomorphism and consequently (2.4) implies that (2.3)
holds for f . We conclude that (2.3) holds on the finite index subgroup E and hence in
general.
Remark 2.1. In [14, Theorems 2.2(a) and 2.5(a)] it is described how the counterparts d(φ)
of D( f ) and h(φ) of H( f ) change as the (stable) trivialization φ changes: acting by σ on φ
decreases d by 1 and increases h by 2, and acting by ρ does not change d and increases h by
4. Here we keep the trivialization fixed but vary the framing. Acting on the trivialization by
σ (or ρ) corresponds to acting on the framing by σ−1 (or ρ−1). Consequently, changing the
Smale invariant by σ increases D by 1 and decreases H by 2, and changing it by ρ keeps D
fixed and decreases H by 4. This explains the sign differences between the formulas in [14,
Theorems 2.2(a) and 2.5(a)] and the formulas for the components in the right hand side of
(2.3). Also, it shows that H( f )+ 2D( f )− 2 is divisible by 4 for any immersion f , compare
[14, Theorem 2.6].
The coefficient 34 of σ(V) in the second component in the right hand side of (2.2) differs
from the corresponding coefficient in [10, Theorem 3.1] which is − 34 . The reason for this
sign difference can be traced to the proof of the result given in [10]: on p. 178 of that
paper it is written “This is just − 12 p1(M).”, thereby relating the obstruction to extending a
trivialization of the tangent bundle of an almost parallelizable 4-manifold with − 12 p1(M).
With our conventions this obstruction should be related to + 12 p1(M).
2.2. The Smale invariant in 5-space and cobordism class. The long exact sequence of
homotopy groups of the fibration
S O2 → S O5 → V5,3,
where V5,3 is the Stiefel manifold of orthogonal 3-frames in R5, shows that π3(S O5) =
π3(V5,3). We can thus consider the Smale invariant of an immersion h : S 3 → R5 as an
element
Ω(h) ∈ π3(S O5) ≈ Z.
In particular if f : S 3 → R4 is an immersion and if ι : R4 → R5 denotes the inclusion then
the fact that the map π3(SO4) → π3(SO5) induced by the inclusion is given by (a, b) 7→
a + 2b, see e.g. [10, p. 178], implies that the Smale invariant of ι ◦ f satisfies
Ω(ι ◦ f ) = −1
2
H( f ) ∈ Imm[S 3,R5] ≈ Z.
As mentioned in Section 1, the oriented cobordism group Cob(3, 4) of immersions of
oriented 3-manifolds into R4 is isomorphic to the stable homotopy group πS3 ≈ Z24 of
spheres. The isomorphism can be constructed via the Pontrjagin-Thom construction and
in order to compute the cobordism class represented by an immersion f : S 3 → R4 we use
the following factorization of the map Imm[S 3,R4] → Cob(3, 4):
π3(SO4) −−−−−→ π3(SO5) −−−−−→ · · · −−−−−→ π3(SO) J−−−−−→ πS3 ≈ Z24,
where the last map is the J-homomorphism which is surjective (see [10, p. 180]). In fact,
we get an isomorphism
Cob(3, 4) → Z24
as follows. If f : M → R4 is an immersion of a closed 3-manifold representing a cobordism
class of immersions then we map it to
−H( f ) + 3µ(M, s f )
2
(mod 24),
where µ(M, s f ) ∈ Z16 is the µ-invariant of M with respect to the spin structure s f induced
by f , see [33]. Note that µ(S 3, s f ) is always equal to zero in Z16.
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2.3. Singular Seifert surfaces and Stingley’s index. In Section 2.1, an expression for
the Hirzebruch defect of an immersion S 3 → R4 which does extend to an immersion
of a compact oriented 4-manifold was obtained, see (2.2) and (2.3). In this section we
generalize that result to immersions f : S 3 → R4 which may not extend to immersions of
compact oriented 4-manifolds. For such immersions, the Hirzebruch defect can be read
off from extensions by singular maps which are regular near the boundary. An extension
by a smooth map with singularities of a given map (embedding, immersion, generic map,
etc.) is often called a singular Seifert surface because of similarities with Seifert surfaces
in knot theory. For immersions, several variations of the original definition have been used
since the notion was introduced in [6].
In [33], generic maps F : V → R4 of compact oriented 4-manifolds were studied and
the following result was derived: If ∂V = S 3 and the restriction f = F |∂V : S 3 → R4 is an
immersion, and if F is non-singular in a neighborhood of ∂V , then the Hirzebruch defect
H( f ) satisfies
(2.5) H( f ) = −3σ(V) − ♯Σ2,0(F),
where ♯Σ2,0(F) is the (algebraic) number of umbilic points of F. This was essentially
proved in [33, Proof of Lemma 3.2]. Here it should be mentioned that the sign convention
in [33] differs from that used here; see Remark 2.6 below. The proof of (2.5) is based on
the Thom polynomial for umbilic singularities of a generic map G : M → R4 of a closed
oriented 4-manifold M:
(2.6) ♯Σ2,0(G) = −〈p1(M), [M]〉 = −3σ(M),
where p1 denotes the first Pontrjagin class and [M] ∈ H4(M;Z) is the fundamental class,
see [17, 26], [2, §2.1 in Chapter 4], and Remark 2.6 below.
For the purposes of this paper, we weaken the condition for singular Seifert surfaces
and use the following characterization.
Definition 2.2. Let f : S 3 → R4 be an immersion. A singular Seifert surface for f is
a smooth map F : V → R4 from a compact oriented 4-manifold V with ∂V = S 3 which
satisfies the following conditions. The restriction F |∂V to the boundary equals f , there is a
neighborhood of ∂V where the map F has no singularity, for any p ∈ V , the rank rk(dFp)
of the differential
dFp : TpV → TF(p)R4
satisfies rk(dFp) ≥ 2, and points q with rk(dFq) = 2 are isolated.
Note that if F : V → R4, ∂V = S 3 is a generic (i.e., locally stable) map which is non-
singular near the boundary then its possible singularities are Morin singularities where
the differential has rank 3 and isolated umbilic points where the differential has rank 2.
Therefore a singular Seifert surface in the sense of [33, §2.1] fulfills the requirements of
Definition 2.2.
Smooth maps between oriented 4-manifolds with differential of rank 2 at isolated points
and rank > 2 elsewhere were studied by Stingley [31]. He associated an index [31, §2] to
isolated points where the rank equals 2 as follows. (See Remark 2.6 below for details on
sign conventions.) Let g : M → N be a smooth map between oriented 4-manifolds. Let
p ∈ M be such that rk(dgp) = 2 and assume that p is an isolated rank 2 point in the sense
that there exists a neighborhood U ⊂ M of p such that rk(dgq) > 2 for all q ∈ U−{p}. Then
there are local coordinates x = (x1, x2, x3, x4) ∈ R4 around p and y = (y1, y2, y3, y4) ∈ R4
around g(p) such that, in these coordinates the map g(x) = (g1(x), g2(x), g3(x), g4(x)) is
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given by 
g1(x) = x1,
g2(x) = x2,
g3(x) = A(x),
g4(x) = B(x),
where A(0) = B(0) = 0 and where 
∂A
∂x3
∂A
∂x4
∂B
∂x3
∂B
∂x4

vanishes for x = 0 but not for x , 0.
Definition 2.3. The index indp(g) of an isolated rank 2 point p as above is
indp(g) = degǫ (gˆ).
Here gˆ(x) = (gˆ1(x), gˆ2(x), gˆ3(x), gˆ4(x)) is defined as
gˆ1(x) = ∂A∂x3 ,
gˆ2(x) = ∂B∂x3 ,
gˆ3(x) = ∂A∂x4 ,
gˆ4(x) = ∂B∂x4 ,
in a neighborhood of 0 and degǫ (gˆ) is the degree of gˆ around 0. I.e. degǫ(gˆ) denotes the
signed sum of preimages at any sufficiently small regular value ǫ of gˆ.
It is straightforward to check that indp(g) is independent of the choice of local coordi-
nates. Furthermore, the index of an umbilic point of a map between 4-manifolds equals ±1
and in this case we use the index to define the sign of umbilic points.
Remark 2.4. If the orientation of the source manifold in Definition 2.3 is changed then
the index of each rank 2 point changes its sign. On the other hand, if the orientation of the
target manifold is changed then the index of any rank 2 point remains unchanged.
For a smooth map g : M → N between oriented 4-manifolds where M is closed, let
Σ2(g) = {p ∈ M; rk(dgp) = 2}
and note that if the rank 2 points of g are isolated then Σ2(g) is finite. For such maps g with
isolated rank 2 points we define the algebraic number of rank 2 points ♯Σ2(g) of g as
♯Σ2(g) =
∑
p∈Σ2(g)
indp(g).
Using the above notation, there is the following Riemann-Hurwitz type formula for
closed oriented 4-manifolds.
Theorem 2.5 ((Stingley [31, Theorem I], see also Porter [22] and Harvey and Lawson [8,
§8])). Let g : M → N be a smooth map between oriented 4-manifolds with isolated rank 2
points and assume that M is closed. Then
(2.7) 〈(g∗p1(N) − p1(M)), [M]〉 = ♯Σ2(g),
where p1 denotes the first Pontrjagin class and [M] is the fundamental class of M.
In particular, Theorem 2.5 implies that if g : M → R4 is a map from a closed oriented
4-manifold M with isolated rank 2 points, then
(2.8) ♯Σ2(g) = −〈p1(M), [M]〉 = −3σ(M),
where σ(M) is the signature of M.
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Remark 2.6. The Thom polynomial (2.6) and Stingley’s formula (2.8) imply that for an
appropriate choice of signs, the count of indices of rank 2 points of maps of a closed 4-
manifold M into R4 gives the first Pontrjagin number of M. However, the sign conventions
for the index which appear in the literature are often conflicting (see [17, 22, 26, 27, 31, 33]
and also [2, §2.2 in Chapter 4], for example). Even within Stingley’s paper [31], signs
appear to be in conflict: compare the signs in [31, Lemma 2.1] to those in the first line of
the proof of [31, Lemma 4.1].
In order to check which sign in (2.7) is compatible with our conventions for ♯Σ2 in
Definition 2.3 it is sufficient to consider one example where the count is non-zero. To
this end we use the following, see [22, p. 399]. Let (z1, z2, z3) be coordinates on C3, let
S 5 ⊂ C3 denote the unit sphere, and consider CP2 = S 5/U1, where eiθ ∈ U1 acts by
scalar multiplication. We give CP2 the complex orientation so that its signature satisfies
σ(CP2) = +1.
Write [z1, z2, z3] for the point in CP2 represented by (z1, z2, z3) ∈ S 5. Let f : CP2 →
C × R2 = R4 be given by
f ([z1, z2, z3]) = (z1z¯2,Re(z1z¯3),Re(z2z¯3)).
Then f has isolated Σ2-singularities at the following seven points in CP2:
p0 = [0, 0, 1], p±1 =
[
0, 1√
2
,± 1√
2
]
, p±2 =
[
1√
2
, 0,± 1√
2
]
, p±3 =
[
1√
2
,± 1√
2
, 0
]
.
Recall that indp( f ) denotes the contribution from the singular point p ∈ Σ2( f ) to
♯Σ2( f ). The orientation preserving diffeomorphisms of CP2: l[z1, z2, z3] = [z2, z1, z3]
and k±[z1, z2, z3] = [∓z1,±z2, z3], and the diffeomorphisms of R4: i(η1, η2, η3, η4) =
(η1,−η2, η4, η3) and j±(η1, η2, η3, η4) = (−η1,−η2,∓η3,±η4) satisfy i ◦ f ◦ l = f and
j± ◦ f ◦ k± = f . Hence
(2.9) indp+1 ( f ) = indp−1 ( f ) = indp−2 ( f ) = indp+2 ( f ) and indp−3 ( f ) = indp+3 ( f ),
see Remark 2.4.
We next compute indp0 ( f ). Note that (u1, v1, u2, v2) where z j = u j + iv j, j = 1, 2 cor-
respond to complex coordinates near [0, 0, 1] ∈ CP2. Taking coordinates (x1, x2, x3, x4) =
(u1, u2, v2, v1) on CP2 we find, with notation as in Definition 2.3, that
A(x) = u1u2 + v1v2 = x1x2 + x3x4 and B(x) = −u1v2 + u2v1 = −x1x3 + x2x4.
Thus,
gˆ(x) =
(
∂A
∂x3
,
∂B
∂x3
,
∂A
∂x4
,
∂B
∂x4
)
= (x4,−x1, x3, x2)
and indp0 ( f ), which is defined as the local degree of gˆ at 0, equals −1. Using similar
quadratic local coordinate expressions near pk, k ∈ {±1,±2,±3}, one finds that
(2.10) indpk ( f ) = ±1, for k ∈ {±1,±2,±3}.
By (2.7), taken up to sign, ♯Σ2( f ) = ±σ(CP2) = ±3. Using (2.9) and (2.10), we find
that indp−1 ( f ) = − indp−3 ( f ) and that ♯Σ2( f ) = 3 indp0 ( f ). Consequently, ♯Σ2( f ) = −3 =
−3σ(CP2) and we conclude that the signs in (2.7) and (2.8) are correct.
2.4. A formula for the Hirzebruch defect. Let f : S 3 → R4 be an immersion and let
F : V → R4 be a singular Seifert surface of f , see Definition 2.2. The following result is a
slight generalization of (2.5).
Proposition 2.7. The Hirzebruch defect H( f ) (of the stable framing induced by f ) satisfies
(2.11) H( f ) = −3σ(V) − ♯Σ2(F).
In particular, the right hand side of (2.11) does not depend on the choice of singular Seifert
surface F : V → R4 extending f .
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Proof. Let F′ : V ′ → R4 be a singular Seifert surface for an immersion f ′ : S 3 → R4
which is regularly homotopic to f . Using F′, F, and the trace of a regular homotopy
h : S 3 × [0, 1] → R4 × [0, 1] between f and f ′, we construct a map
ˆG : V ∪∂ S 3 × [0, 1] ∪∂ (−V ′) → R4 × [0, 1]
from the closed oriented 4-manifold W = V ∪∂ S 3 × [0, 1]∪∂ (−V ′), where −V ′ denotes the
manifold V ′ with reversed orientation, which is smooth after smoothing corners. Since the
maps F and F′ are immersions near the boundary and since the trace of a regular homotopy
is an immersion, it follows that ˆG is an immersion in a neighborhood of S 3 × [0, 1]. Since
the composition of the projection R4 × [0, 1] → R4 with an immersion does not have
any rank 2 points, we find that the map G : W → R4 which equals ˆG composed with the
projection to R4 has isolated rank 2 points which are in natural 1-1 correspondence with
those of F and F′. In particular, the algebraic number of rank 2 points ♯Σ2(G) satisfies
♯Σ2(G) = ♯Σ2(F) − ♯Σ2(F′).
By (2.8), we have ♯Σ2(G) = −3σ(W) and hence
−3σ(V) − ♯Σ2(F) = −3σ(V ′) − ♯Σ2(F′)
by Novikov additivity. It follows that
−3σ(V) − ♯Σ2(F)
depends only on the regular homotopy class of f . We can thus define a homomorphism
a : Imm[S 3,R4] → Z as follows. For [ f ] ∈ Imm[S 3,R4], pick a representative immersion
f of [ f ] and a singular Seifert surface F : V → R4 of f and define
a([ f ]) = −3σ(V) − ♯Σ2(F).
Recall the index 24 subgroup E ⊂ Imm[S 3,R4] of regular homotopy classes of immer-
sions which when composed with the inclusion into R5 admit a regular homotopy to an
embedding, see Section 2.1. By [5, Lemma 3.3.3, Proposition 4.1.2] we can write this
subgroup as
E =
{[ f ] ∈ Imm[S 3,R4]; Ω( f ) = (m, n) ∈ Z ⊕ Z, m + 2n ∈ 24Z},
where f denotes a representative for the class [ f ] and where Ω is the Smale invariant.
To finish the proof we show that the homomorphism a agrees with the Hirzebruch de-
fect. Consider a smooth degree 4 hypersurface in the complex projective space CP3. Such
a surface is a K3-surface which is a closed simply connected 4-manifold X with second
Betti number 22 and signature ±16 depending on orientation. If X0 denotes the comple-
ment of an open disk in X then X0 is parallelizable and hence it immerses into R4. Let
F : X0 → R4 be an immersion and let f = F |∂X0 be the induced immersion of S 3. As
above, by [10] the Smale invariant of f (with X0 oriented so that its signature equals 16)
equals (
χ(X0) − 1, 3σ(X0) − 2χ(X0) + 24
)
=
(
22, 3 · 16 − 2 · 23 + 2
4
)
= (22, 1).
This in combination with [5, Lemma 7.1.1], imply that [ f ] and the regular homotopy class
[sˆ] of the orientation reversed standard embedding sˆ : S 3 → R4, together generate E, see
Section 2.1. (Recall that addition corresponds to connected sum of immersions, see [13,
Section 2] for the definition and for additivity of the Smale invariant.) It follows from [14,
Theorem 2.5(b)] that the homomorphism a coincides with the Hirzebruch defect on E and
hence the two homomorphisms agree on all of Imm[S 3,R4]. 
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3. Explicit constructions of singular Seifert surfaces
In this section we first construct singular Seifert surfaces for the immersions S 3 → R4
described in Section 1 and then use these to prove Theorem 1.1.
We will use the following notation throughout this section. The 2-plane bundle over
S 2 of Euler number k will be denoted by ξk, E(ξk) will denote the total space of the cor-
responding 2-disk bundle, and L(k, 1) the total space of the corresponding circle bundle
(L(k, 1) is a (k, 1)-lens space). Furthermore, recall from Section 1 that the normal bun-
dle of a self-transverse immersion f : S 2 → R4 with algebraic number of double points
equal to −n is ξ2n. Thus, micro-extension gives an immersion F2n : E(ξ2n) → R4 which
agrees with f when restricted to the 0-section. Precomposing with the universal covering
π2n : S 3 → L(2n, 1) = ∂E(ξ2n), we get the immersions
gn = F2n ◦ π2n : S 3 → R4, n > 0.
We next construct natural fillings of the maps gn. To this end, note that the space
L(1, 1) = ∂E(ξ1) is S 3, thought of as the total space of the Hopf fibration, and that E(ξ1) is
CP20, the complement of an open disk in the complex projective plane. Consider the k-fold
branched cover
Πk : E(ξ1) → E(ξk)
which extends the universal cover
πk : S 3 = ∂E(ξ1) → ∂E(ξk) = L(k, 1),
and which is the k-fold branched cover with a single branch point at the origin in each fiber
disk. The map Gn : CP20 → R4,
Gn = F2n ◦ Π2n
then extends the immersion gn : S 3 → R4 but is not a singular Seifert surface for gn for the
following reason. The rank of dGn equals 4 outside the 0-section in E(ξ1) (in CP20 − CP1)
and equals 2 at any point on the 0-section (along CP1 ⊂ CP20) and thus its rank 2 points are
not isolated.
The rank 2 points of Gn forming a submanifold is reminiscent of the critical locus of a
Morse-Bott function. In analogy with the Morse-Bott case, we will construct a perturbation
of Gn below which creates a map with exactly two isolated rank 2 points. Furthermore, we
will compute the indices of these rank 2 points. In fact, our perturbation of Gn has the form
F2n ◦ Πǫ2n where Πǫ2n is a perturbation of the branched cover Π2n. In order to construct the
perturbation, we use the following local coordinate description of the bundles ξk.
Consider the decomposition of S 2 into two disks, the northern- and southern hemi-
spheres DN and DS , respectively. After identification of these disks with the unit disk
D = {w ∈ C; |w| ≤ 1} in the complex plane C, we have
S 2 = DS ∪ψ DN ,
where ψ : ∂DS → ∂DN is the map given by ψ(eiθ) = e−iθ. The total spaces E(ξk) can then
be described as follows:
E(ξk) = DS × D ∪ψk DN × D,
where ψk : ∂DS × D → ∂DN × D is given by
ψk(eiθ, z) = (e−iθ, e−kiθz).
To see this, it is sufficient to note that the clutching function described gives a bundle with
first Chern class (Euler number) equal to k.
In these local coordinates the map Πk : E(ξ1) → E(ξk) is the following:
Πk(w, z) =

(w, zk) ∈ DS × D if (w, z) ∈ DS × D,
(w, zk) ∈ DN × D if (w, z) ∈ DN × D.
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To see that this formula defines a map as claimed, note that on the overlap (eiθ, z) ∈ ∂DS ×
D ⊂ E(ξ1) is identified with (e−iθ, e−iθz) ∈ ∂DN ×D ⊂ E(ξ1). The former maps to (eiθ, zk) ∈
∂DS × D ⊂ E(ξk) which is identified with (e−iθ, e−kiθzk) ∈ ∂DN × D ⊂ E(ξk) which in turn
is the image of the latter.
In order to perturb Πk : E(ξ1) → E(ξk) we consider the restriction of this map to fibers:
h(z) = zk. Let c be any complex number and let hc(z) = zk + z¯c.
Lemma 3.1. The singular set of hc is the circle
Σ =
{
z; |z| = (k−1|c|) 1k−1 }.
If c , 0, then the rank of dhc equals 1 along Σ and the kernel field ker(dhc) is transverse
to Σ except at k + 1 cusp points where the kernel field has simple tangencies with Σ. In
particular, hc is a locally stable map for c , 0.
Proof. If ξ is a tangent vector to C thought of as a complex number we have
dhc(ξ) = kzk−1ξ + c ¯ξ.
Consequently, dhc has kernel at points z where the equation kzk−1ξ + c ¯ξ = 0 has non-trivial
solutions. This is the case if
(3.1) kzk−1 = −c ¯ξ/ξ,
or in other words when z ∈ Σ. The properties of the kernel field are straightforward conse-
quences of (3.1). 
We next deform the map Πk using the perturbation described above on fibers. Note
however that c in the above discussion must then be replaced by the image of a section of
E(ξ1) and hence we cannot avoid rank 2 points.
Fix ǫ ∈ (0, 14 ). Define Πǫk : E(ξ1) → E(ξk) as follows, using the local coordinates
introduced above,
(3.2) Πǫk(w, z) =

(
w, (1 − ǫ)zk + ǫwz¯
)
∈ DS × D if (w, z) ∈ DS × D,(
w, (1 − ǫ)zk + ǫwk z¯
)
∈ DN × D if (w, z) ∈ DN × D.
To see that (3.2) indeed defines a map, note that for (w, z) = (eiθ, z) ∈ ∂DS × D,
ψk
(
eiθ, (1 − ǫ)zk + ǫeiθ z¯
)
=
(
e−iθ, (1 − ǫ)e−ikθzk + ǫe−i(k−1)θ z¯
)
∈ ∂DN × D,
which is the image of the corresponding point ψ1(w, z) = (e−iθ, e−iθz) ∈ ∂DN ×D according
to the second row in the right hand side of (3.2). Furthermore if |z| ≤ 1 and |w| ≤ 1 then
|(1− ǫ)zk+ ǫwz¯| ≤ 1 so that second components in the vectors in the right hand side of (3.2)
lie in D.
Lemma 3.2. The map Πǫk : CP
2
0 → E(ξk) is a map with two isolated rank 2 points: pS
corresponding to (0, 0) ∈ DS × D and pN corresponding to (0, 0) ∈ DN × D. Furthermore,
indpS (Πǫk) = k − 1 and indpN (Πǫk) = k(k − 1).
Proof. If a tangent vector to DS × D or DN × D is viewed as a pair of complex numbers
(η, ξ) and if ǫ′ = ǫ1−ǫ then, with hc as in Lemma 3.1,[dΠǫk(w, z)](η, ξ) =
(
η, (1 − ǫ)[dhǫ′w(z)](ξ) + ǫz¯η) ∈ T (DS × D) if (w, z) ∈ DS × D,(
η, (1 − ǫ)[dhǫ′wk (z)](ξ) + ǫkwk−1z¯η) ∈ T (DN × D) if (w, z) ∈ DN × D.
Lemma 3.1 then implies that pS and pN are the only rank 2 points of Πǫk.
To compute the indices we consider the map T : C2 → C2
T (z, w) =
(
w, zℓ + z¯wm
)
,
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where ℓ ≥ 2 and m ≥ 1. Clearly the only rank 2 point of T is the origin. To compute the
index ind0(T ), write K(w, z) = zℓ + z¯wm, then according to Definition 2.3, the index equals
the degree near 0 of the map κ : C2 → C2 where
κ(w, z) =
(
∂K
∂z
+
∂K
∂z¯
, i
(
∂K
∂z
− ∂K
∂z¯
))
=
(
ℓzℓ−1 + wm, i(ℓzℓ−1 − wm)
)
.
Note that there exists a complex linear isomorphism L of C2 such that
L ◦ κ(w, z) =
(
wm, zℓ−1
)
.
Since κ is holomorphic, the local degree at any inverse image of a regular value equals +1.
Hence if ǫ is any sufficiently small regular value of κ we have
ind0(T ) = degǫ(κ) = m(ℓ − 1).
Taking (m, ℓ) = (1, k) and (m, ℓ) = (k, k), the statements on the indices of pS respectively
pN follow. 
of Theorem 1.1. Fix a small ǫ > 0 and write πǫk = Πǫk |S 3 , S 3 = ∂E(ξ1) and note that
πsǫk : S
3 → E(ξk), 0 ≤ s ≤ 1
gives a regular homotopy connecting the immersions πk : S 3 → L(k, 1) ⊂ E(ξk) to
πǫk : S
3 → E(ξk). Consequently the map
gǫn = F2n ◦ πǫ2n : S 3 → R4
is regularly homotopic to gn : S 3 → R4. Furthermore, since F2n : E(ξ2n) → R4 is an
immersion, Lemma 3.2 implies that
Gǫn = F2n ◦ Πǫ2n : CP20 → R4
is a singular Seifert surface of gǫn with
♯Σ2(Gǫn) = 2n − 1 + 2n(2n − 1) = 4n2 − 1.
Proposition 2.7 then gives the Hirzebruch defect
H(gn) = H(gǫn) = −3σ(CP20) − 4n2 + 1 = −4n2 − 2.
By [14, Theorem 2.2(b)], the normal degree of the immersion f2n : ∂E(ξ2n) → R4 equals
χ(E(ξ2n)) = χ(S 2) = 2. Since π2n : S 3 → L(2n, 1) has degree 2n, the composition gn =
f2n ◦ π2n has normal degree
D(gn) = 4n
(see also [21, §IV]). Therefore, by the formula (2.3), we have
Ω(gn) =
(
4n − 1, 4n
2 + 2 − 2 · (4n − 1)
4
)
=
(
4n − 1, (n − 1)2
)
.
With this established, remaining statements are immediate consequences of the formulas
in Section 2.2. 
4. Relations to other results
The immersion g1 was apparently first studied by Milnor [21, (11), §IV] and has since
appeared in several papers (e. g. [15, 5]). It was shown in [5, Proposition 8.4.1] that g1
has odd Brown invariant (in Z8) and hence represents a generator in Z8 (see also [32,
Lemma 1.7(a)] and [33, Remark 3.6]). Theorem 1.1 implies this result and furthermore
that the triple point invariant λ(g1) ∈ Z3 of g1 vanishes. For a self-transverse immersion
regularly homotopic to ι ◦ g1 : S 3 → R4 → R5, where ι denotes the natural inclusion of
R
4 into R5, the triple point invariant is defined to be the linking number modulo 3 of its
image and a push-off of its double point set. (For details on this definition, see [5, §6.2],
and also [5, §9.1, p. 189], where the letter “τ” should be replaced by “λ”.) To see this, note
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that πS3 ≈ Z24 = Z8 ⊕ Z3, where the first summand corresponds to the Brown invariant and
the second to the linking invariant λ.
Remark 4.1. The fact that λ(g1) = 0 can also be proved directly as follows. Let f : S 2 →
R
4 be an immersion with one double point of negative sign. Consider a regular homotopy
of ι ◦ f : S 2 → R5 with support in a small neighborhood of one of the preimages q of
the double point of f and which lifts the local sheet of f around q up slightly in the fifth
direction. The map resulting from this deformation of ι ◦ f is an embedding. We denote it
˜f : S 2 → R5. Consider the map f2 : L(2, 1) = RP3 → R4 obtained by micro-extension of
f and the composition ι ◦ f2 : RP3 → R5. The regular homotopy of ι ◦ f induces a regular
homotopy of ι ◦ f2 to an embedding which we denote ˜f2 : RP3 → R5. The image of ˜f2 lies
in a small tubular neighborhood of ˜f (S 2).
We next note that the normal bundle of ˜f2 has a natural trivialization: one section ν0 is
induced by the normal vector field ν of f2 in R4 and the other one ν1 is induced by the fifth
coordinate vector e5 viewed as a normal vector of ι ◦ f2. Define g˜1 = ˜f2 ◦ π2 : S 3 → R5,
where π2 : S 3 → RP3 is the universal covering map. Then g˜1 is regularly homotopic to
ι ◦ g1 = ι ◦ f2 ◦ π2. Furthermore, g˜1 self intersects non-transversely; in fact it is a 2− 1 map
onto its image ˜f2(RP3).
In order to perturb out of this non-transverse situation we consider S 3 ⊂ C2 as the total
space of the Hopf fibration which maps a point in S 3 to the complex line in CP1 ≈ S 2
it generates. In particular, Hopf fibers are intersections of S 3 with complex lines in C2.
Let (z1, z2) = (x1 + iy1, x2 + iy2) be coordinates on C2. By definition, the map g˜1 satisfies
g˜1(z1, z2) = g˜1(−z1,−z2). Define the great 2-spheres
S 20 = {(x1 + iy1, x2 + iy2) ∈ S 3 : y2 = 0} and S 21 = {(x1 + iy1, x2 + iy2) ∈ S 3 : x2 = 0}.
Let S 01 = S 20 ∩ S 21. Then S 01 is the Hopf fiber through the point (1, 0). Furthermore, any
other Hopf fiber S , S 01 satisfies
(4.1) S 20 ∩ S = {p0,−p0} and S 21 ∩ S = {p1,−p1}, where p0 , ±p1.
We pick coordinates so that the image of the Hopf fiber S 01 under the Hopf projection lies
far from the self intersection points of f .
Consider two functions b j : S 3 → R with the following properties. The point 0 ∈ R is a
regular value of b j and b−1j (0) = S 2j , j = 0, 1. Then, for sufficiently small ǫ > 0, the map
aǫ : S 3 → R5,
aǫ(x) = g˜1(x) + ǫ(b0(x)ν0(x) + b1(x)ν1(x))
is a self transverse immersion regularly homotopic to g˜1 with self intersection along
g˜1(S 01).
To see this, note first that g˜1 maps distinct Hopf fibers into distinct fibers of the tubular
neighborhood of ˜f . Consider next a Hopf fiber S , S 01. It follows from (4.1) that if
p ∈ S then b0(p) , b0(−p) or b1(p) , b1(−p). Consequently, aǫ does not have any self
intersections outside S 01. Since both b0 and b1 vanish along S 01, it follows that aǫ |S 01 =
g˜1|S 01 and hence γ = g˜1(S 01) is a self intersection circle of aǫ as claimed. Consider a pair of
antipodal points ±p in S 01. Let n0 and n1 denote normal vectors of S 20 and S 21, respectively.
Then
daǫ |±p(n j) = ±dg˜1|p(n j) + ǫdb j|±p(n j)ν j, for j = 0, 1,
since the Hopf-fiber in direction n j at p is the Hopf fiber in direction −n j at −p. By
definition, db j(n j) , 0 along S 2j and it follows that the self intersection γ is transverse.
By our choice of location of the fiber S 01 (far from the self intersection points of f ) the
map g˜1 agrees with the map ι ◦ g1 in a neighborhood of S 01 and in particular maps Hopf
fibers S near S 01 into fibers in the normal bundle of f : S 2 → R4. It follows that aǫ does
not map any points of S 3 − S 01 into the disk with boundary γ in the normal bundle fiber
of f in which γ = ι(g1(S 01)) lies. Thus, using D = S 21 ∩ b−10 (−∞, 0] as Seifert surface for
S 01 ⊂ S 3 and the outward normal vector field of S 01 ⊂ D (which is gradient like for b0|S 21 )
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to shift γ = aǫ(S 01) off of aǫ(S 3) we find that the shifted curve γ′ lies in the normal fiber
of f outside the self intersection circle γ.
It follows that a large annulus A in fiber of γ, with one boundary component γ′, after
small perturbation supported away from the boundary, intersects f (S 2) only in isolated
points far from γ′. Consequently, A can be made disjoint from aǫ(S 3) by shifting in the
e5-direction. Capping the large annulus with a disk in a large sphere gives a disk ¯A with
∂ ¯A = γ′ and such that ¯A is disjoint from aǫ(S 3). Thus, the linking number between aǫ(S 3)
and γ′ vanishes and hence λ(g1) = 0.
Melikhov studied in [20, Example 4] a construction similar to the one above. More
precisely, he looked at the composition e ◦ q : S 3 → R4 of the universal 8-fold cov-
ering q : S 3 → Q3 and an embedding e : Q3 → R4 of the quaternion space Q3 =
S 3/{±1,±i,± j,±k} and showed that it represents an element with non-trivial stable Hopf
invariant in the stable 3-stem πS3 ≈ Z24. Here, we show that his immersion essentially
coincides with g2.
Proposition 4.2. The immersion e ◦ q : S 3 → R4 coincides with g2 up to orientation and
regular homotopy.
Proof. Let eˆ : RP2 →֒ R4 be an embedding. Then, by [18, §2], the tubular neighborhood
N(RP2) of eˆ(RP2) ⊂ R4 is diffeomorphic to the total space of the non-orientable D2-bundle
over RP2 with Euler number ±2 (see also [3, 23, 24, 36]). Furthermore, the boundary
∂N(RP2) is known to be diffeomorphic to the quaternion space Q3 (see [23]). We thus
obtain an embedding e : Q3 →֒ R4.
For the 2-fold covering ρ : S 2 → RP2 and a suitable choice of the embedding
eˆ : RP2 →֒ R4, the composition eˆ ◦ ρ : S 2 → R4 becomes an immersion with normal
Euler class 4. Furthermore, if we denote by Γ the quaternion group {±1,±i,± j,±k} of
order 8 and put Z4 = 〈g; g4 = 1〉, then from the sequence
{1} // Z4 // Γ // Z2 // {1},
we have the sequence of the coverings
S 3 // L(4, 1) = S 3/Z4 // Q3 = S 3/Γ,
up to orientation [37]. Hence, we obtain the diagram
S 3
4-fold
//
8-fold
''O
O
O
O
O
O
O
O
O
O
O
O
O
O
L(4, 1)
2-fold

Euler class 4
// S 2
ρ

F4 |0-section
''N
N
N
N
N
N
N
N
N
N
N
N
N
Q3 Euler number 2 // RP2 eˆ // R4,
in which the left part obtained by deleting the two rightmost arrows is commutative up
to orientation, see [16], and where the rightmost triangle is commutative up to regular
homotopy. The proposition follows. 
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